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1, The Euler-Maclaurin summation formula may be written as an 
extended trapezoid rule with correction terms for numerical integration: 
where h = (b - a)/& each Bzi is a Bernoulli number, and a < 5 < 6 (see [2]). 
This paper presents generalizations of the above formula corresponding to the 
Newton-Cotes formulas which are most frequently used. The extension of the 
midpoint rule has long been known [4] : 
We have justified the following generalized formulas: 
1.1. Closed type: 
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The error terms are also available in integral form (See section 2). 
1.3. To illustrate the derivation of these formulas, we justify the extension 
of Simpson’s rule given above. The following simple lemma is useful for finding 
symmetries of the periodic Bernoulli polynomials B,(t). 
LEMMA. If m and k are positive integers, then 
(a) B,(t/m) is periodic with period m; 
(b) B,(t/m) = (--I)” B,((m - t)/m); 
(c) if k ) m, B,(t/k) = (- l)n B,((m - t)/k). 
Definitions and many properties of the periodic Bernoulli polynomials may be 
found in [l] and [3]. 
For the extension of Simpson’s rule, the first Euler-Maclaurin formula, with 
integral error term, is applied with step-size 2h, h = (b - a)/2k: 
T2: s” f (x) dx 
a 
= h(f, + 2f2 + -.. + 2f27+9 i-&J - z; B2$$y (f$-) - fo(av-l)) 
and again with step-size h: 
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f ,zk [B,,(t) - B2,(0)Jf(2’)(a + ht) dt; 
these approximations are combined, $T, - QTz , to yield the formula 
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We now show that the modified Peano kernel [2] 
v(t) = 4&(t) - 227B2, (+) - (4 - 29 B,, 
does not change sign on [0, U-c], so that we may apply the mean value theorem and 
obtain a derivative form for the error term. Since B,(t/m) is periodic with 
period m, it suffices to show that v does not change sign on [0,2]. Suppose it 
does. Then it vanishes somewhere in (0,2). Since 9;(O) = ~(2) = 0, Rolle’s 
theorem implies that v’ vanishes at least twice in (0,2). But the derivatives of cp 
of odd order vanish at 0 and 2, so the argument can be repeated until we find that 
$“r-“)(t) = 4(2r) (2~ - 1) ... 4[B,(t) - 2B,(t/2)] must vanish at least twice in 
(0, 2). By the lemma, &t/2) = -B,((2 - t)/2), so ~@-~)(t) = -pi’2r-3)(2 - f), 
t E [0, I], and hence r~+~r-~) must vanish somewhere in (0, 1). But with t in 
[O, l), B:,(t) - 2&t/2) = @“(t - l), w IC vanishes only at 0 and 1. With this h’ h 
contradiction, we conclude that q~ does not change sign on [0, 2R]. 
Applying the mean value theorem and the periodicity of v, the error term 
becomes 
2. The construction for the remaining formulas; integral form of the 
error terms; notes on the proofs. 
2.1. The 4-point closed formula (i rule). 
(a) Construction. For k a positive integer we apply the EM (Euler- 
Macfaurin) formula to 3K subintervals of width h. The Tr formula is obtained 
by applying EM with step-size h; the T3 formula by using step-size 3h. The 
desired 4-point formula is then given by (Q)T, - (&)T:: . 
(b) Error term. For Y > 2, 
p+1 
I 
3k 
E=-.---- 
8(2Y)! () 
cp(t)f’2”(a + ht) dt, 
where 
dt) = %&(t) - Bw] - 32T [B,, !f, - B$,] . 
Note that when Y = 2 and k = 1 the usual 4-point Newton-Cotes formula is 
obtained. 
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(c) Notes. The proof proceeds as in the 3-point formula given above. 
The assumption that v vanishes somewhere in (0, 3) implies that a(t) = B,(t) - 
3&t/3) must vanish at least twice in (0, 3). The lemma yields the anti-symmetry 
a(3 - t) = -a(t), so only (0, 3) need be studied. On [0, I], a(t) = (t”/9) (8t - 9), 
and on [l, 21, a(t) = (16/9) (t - 3)“. Hence CY does not vanish on (0, 8). 
2.2. The Spoint closed formula. 
(a) Construction. Use 4K subintervals of width h and use EM as above 
to construct TI , T2 and T4 with step-sizes h, 2h and 4h, respectively. The Spoint 
formula is given by (l/45) ( T4 - 2OT, + 64TJ. 
(b) Error term. 
where 
hZr+l 4k 
E=-- 1 45(2r)! .,, ~(t)f’2”(a + ht) dt, r > 3, 
g?(t) = W&(t) - B,,) - 20(22r) (A,, (+) - B,,) + 42r (B,, ($) - R~?) . 
When Y = 3, the usual Newton-Cotes formula is obtained. 
(c) Notes. The proof is analogous to that for the 4-point formula: if p 
vanishes anywhere in (0, 4), then a(t) = 16&t/4) - 10&t/2) + &(t) must 
vanish at least twice there; also a(t) = -a(4 - t). The required polynomials are: 
[O, 11: ty45t - 70), 
[1,2]: (t-2)[(3t”- 10t+6)2+8(t- 1)+4]. 
2.3. The 7-point closed formula. 
(a) Construction. Use 6k subintervals of width h. Obtain TI , Tz , T3 and 
T6 by using EM with spacings h, 2h, 3h and 6h respectively. The 7-point formula 
is given by (l/840) (12967; - 5671”, + 1122’.. - T,). 
(b) Error term. 
where 
A"'+1 
__- 
E = 840(2Y)! s 
674 
pl(t)j-)(a + ht) dt, r 3 4, 
0 
y(t) = 1296[B,,(t) - B,,] - 567(2”r) [B,, (+) - B,,] 
i- w2T) [B2, (f) - Bpr] - 62’ [B,, ($) - B2$ 
The usual Newton-Cotes formula is obtained with r = 4 and K = 1. 
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(c) Notes. If v vanishes anywhere in (0,6), then n(t) = 1296&(t) - 
567(2’) B,(t/2) + 112(3’) B&/3) - 6’B,(t/6) must vanish at least twice there. 
Also, iu(6 - t) = -LX(~). On 
[0, I]: m(t) = 42ts(20t - 41), 
[l, 21: a(t) = 42[t6(20t - 41) - 216(t - 1)6] < 0, 
[2, 31: a(t) = 42[t6(20t - 41) - 216(t - 1)6 - 27(t - 2)6] 
= 168(8 - I) p36 + 485 + 982 + 748 + 70 + 23eyi - P) f 
+ 48e(l - ey, 
where e == t - 2, e E [0, 11. 
2.4. The 4-point open formula. 
(a) Construction. Use ($)Tr - (&)Ta as with the 4-point closed formula. 
(b) Error term. 
y(t)f’““(a + ht) dt, r :;;I 1 
where 
dt) = w,,(t) - B2,l - 3’r [B2V (f) - B,,] * 
When r = k = 1 the usual Newton-Cotes formula is obtained. 
(c) Notes. The proof is analogous to that for the 4-point closed formula. 
The relevant polynomials are: a(t) = 3B,(t) - 27&t/3), with ~(3 - t) :I= 
-4th 
[O, 11: a(t) = 2t(t + (g)““) (t - (Q)l”), 
[I 121: a(t) = (2f - 3) (t” - 3t + 3). 
2.5. The 5-point open formula. 
(a) Construction. As with the closed formula; use (j)Tr - 2T2 + ($)T, . 
(b) Error term. 
h2r+l 
s 
4k 
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where 
v(t) z= 8[&(f) - B27.1 - 6(22’) [B,, (t) - B~~] + 42~ [I?,, (+) - B~~] .
With Y = 2 the usual Newton-Cotes formula is obtained. 
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(c) Notes. The proof is similar to that for the 5-point closed formula. The 
relevant polynomials are: 
a(t) = 8&(t) - 6(2s) 8, (+) + (43) Ba ($); 
[O, 11: a(t) = 3t3; 
[l, 21: a(t) = 3(t - 2) (t2 - 6t + 4). 
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